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On the hysteretic to input energy ratio

— y .H{ Lo, e O | o h
lomaz Vidic', Peter Fajfar ', and Mate) l"*lhchi[‘l}:{cl"l”

ABSTRACT

The hysteretic to input energy ratio E}_I/E] has been studied in.a parametric §ludy of SDOF systems. The
most important structural parameters were varied and ground mo[mns.of very dlfft‘:r{:n.t‘f:haraclcnsncgiwum
iaken into account. When using viscous damping proportional to the instantaneous sulln{:s:s, the maximum
Lusteretic to input energy ratio amounted to 0.9 and 0.8 in the case of 2 and 5 per cent dampmg{,, respectively.
These values correspond to systems with the natural period shorter than the prcdm*{lmam pc:rmd‘(}f ground
motion. They arc practically independent of the hysteretic behaviour, the strcr.']gth (with the exception l_}f'\’{:r}’
hieh strength) and the input motion. In the case of a system with l}?c natural pcru;)‘d longer than the prudfommam
pckrimd of the input motion, EH/EI can be approximately determined as a fm}{:tlun of the strength of a system
nd of the characteristics of the input motion using simple formulae proposed in the paper.

INTRODUCTION

The aseismic design philosophy for usual building slruclu-rcsire.lies strrf)ngly on energy (;llsalp?nom Thc
cnergy input to a structure subjected to strong grou-nd mofian 1S dlsslpatﬁd_ in part by mclasl‘lc deffor?'la;[t}:;r;i
(hysteretic energy E ) and, in part, by viscous damping which rcpmscnts_mlsccllaneous dan;pmg effects
‘han inelastic deformation (damping energy). Only Eyy1s assumed to contribute to structural damage.

ied i - for

Different investigators have studied input energy (Ep) and proposed Proccdurzs {1:}1' fm;jm?l?:am]
determining it quantitatively. A very brief review is given in the next'chapter. This paper deals pre i-,cm [0):
with the ratio of the hysteretic energy to the mput energy. This ratio represents a convenient para |

determination of hysteretic energy, provided that input energy 1s known.

A few investigators have studied the EHIEI r-atio recently. .Zahrah.and Hall d(1982)51;ii‘~i':3mfjtillzctlh(;u:j :;;llatc }lL
sroportion of input energy dissipated by yielding increases as viscous damping k_ecrea fi9£35) .
ment ductility of a system increases. Similar observations have been _made b}f A 1y§ma ('n an.d St;Cﬂglh i
observations he proposed a formula for determining EH/EI as a ft:lnctlfjn of viscous ampll cgtin R
than ductility. As a rough approximation, Akiyama PFOP?Sﬁd d 51mpl§ﬁed 3(31“3“0“{ ey Zuc[iglity IR 4
strength. Another expression for Eq/Ey as a function of viscous damping and cumu alm:en £ /E. versus period
by Kuwamura and Galambos (1989). Nariyuki et al (1989) have observed that the I: a[l;?c el}lioJ
is not influenced by the difference in the earlhquakt:' ground motion PTOWdﬁdS[D‘?)F) : Etems are presented.
scaled. In this paper results of a parametric study of single-degree-of-Ir eedom ( b

: in ' roposed.
Based on these results simple formulae for determining the EH[EI ratio are prop
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rhe predominant pet 1ods of these records arc

short and LI,III h' NAITOW %‘r.tns,it_‘at and Hl:' lh'._!iu a‘_ft!t'.l'l-l velog ity 1o

I‘H."JL\ j',fﬂllt‘u{ acceleralion ralios are small. 1he 1985 Mexico Ciaty records H‘ptt”-,t'n% mr'rmul motions Ol very long

Jduration, with l‘-"”,*'. l‘lt'ilwmmlmi pe.‘tuuia and hmh ;n*.d« }_"_‘_lnlliui velocity Lo p:;.i\t unmmi acceleration ralios

rotally, 40 horizontal components of records obtained at 20 different stations have been used.

The I“*‘””‘Li range from 0.1 to 2058 was considered

delined as the vield resistance I-”‘.I

n =K J{Ma )
| \ o

'he value of the strength parameier n, which 18

divided bv the mass of the system and by the peak ground acceleration a

?IF

(35)

. -. » } 1 . " % - . - : - -
was varied from 1 S to 0.2. Both mass pnxpnrimn.;l VISCOUs d'.nnpmp, and viscous damping "Hm;'amiu_nhﬂ {O

hstantancous stiffness (2 and 5 per cent) were

used. Altogether, eight ditferent hysteresis models were

;m-;:‘;{iyﬂna‘-d. Six of them simulate predominantly lexural behaviour: elastic-plastic, bilinear, the Q-model and

three variants of Takeda’'s model with trilincar envelope (they differ according to unloading stilfness and

envelope shape). The shear behay our is simulated by two variants of the shear-slip model.

The main results of the study are presented in Figs, 1 to 4. The hysteretic to mput energy ratio is plotted

2 a function of the initial (elastic) period of the system. In different figures the ifluence of damping, strength,

;11;"L1u=r11-pcriml range for these records i1s roughly

yWSLCresIS model and input motion are shown. The results of the parametric study of different structural
yaramelers arc presented as mean values from 20 "standard" records (the U.S.A. and Montenegro groups). The
between periods 0.5s and 2.0s. The inclastic system with

. 0.6. Q-hysteresis and 5 per cent ol damping pmpﬂrliun;ll to instantancous stifiness was chosen as the basic

qverage inclastic system’ which is supposed to represent an average reinforced concrete structurc designed

sccording to the codes. In this system, strength, hysteresis and damping were varied one by one.

-

As shown in the figures, the EH,.:’I:'_I ratio has generally its peak values in the short-period range, where the

Pg[‘iﬂdj are shorter than the predominant period ol ground motion Ti' In the medium- and long-period range,
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Figure 1. E.l_],-"E?.l versus T. Influence of damping

where the periods are longer than T,, the E(/Ey ratio
decreases as the period increases. The zero rn\uc ol
Ey/Ey, indicating elastic behaviour, is reached at the

1‘1cnml which will be denoted by T _.

One of the most important paramelers influencing
the Eqy/Eq ratio is damping. The result of a dcc'rc;.}::.c. in
viscous damping is an ncrease of the E,/E; ratio in the
whole period range (Fig. 1). It is important 1O realize
that the Ey/Eq “atio is strongly influenced by 1‘hc:.
malhcmmicaf modeling of viscous damping. Damping
may be assumed to be proportional either to mass of v
stiffness. In linear analysis both approaches yield the
<ame results. In nonhinear analysis, however, the stiffness
degrades with damage. Consequently, damping related
to the instantaneous stiffness tends to decrease, and
damping related to the mass tends to increase wit.h
degrading of stifiness. In the case of inelastic analysis
mass-proportional damping dissipates more encrgy an‘d
is thus more effective n reducing hysteretic €ncrgy. This
tendency is larger for a system in the short-period range.
Systems with longer period experience less stillness
degradation and the fluence of the damping mmi;l 1S
less important. Similar conclusions have been obtained
by Otani (1981). He stated that it was not pml:mblc to
expect mass-proportional damping in a real reinforced
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he hysteretic behaviour (0 @ BIE . o nonlinear analysis 1S questionable. j,
- i S hich includes the effect of energy dj<.; .-
tal and analytical worl .

concrete ctructur
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~onlinear range, it s€cm

to be reasonable
a p(}rti{m

of the input €ncrgy.

other th

an hysteretic energy, as

<ubiect is needed. e | B .
] e observed in Fig. 2. It can be seen that the type of

ﬂn b . 1 d » * F.“ § } S , :
. the case of the mass-proportional damping (Fig. 2b) and . .

e instantancous-stiffnf:,ss-proportional damp%ng (Fig. 2a). A, e
f Takeda’s hysteretic rules where trilinear povelones we.
stiffness, i.e. the stiffness before cracking in the .
d stiffness was considered at the horizonta] axic ,;
d trilinear envelopes, would disa F-*Iii-:::}:- i

1ii S ‘ aviour €
The influence of different hysteretiC behav

hysteretic behaviour 1s very important e
surprisingly small influence in the case .
portant difference can be observed only 1n b Latiaal
u.écd. The period T in the ﬁgurcfi cerresp?nds ot tzhe o
of a trilinear envelope. If an equivalent stiffness of . 5 bilinear an
' between the two sets of curves, corresponding to DI

~ can be seen in Fig. 3. Usually it has been believed that E T
“H/E

h a decrease in ductility). It was surprising to find out thy (.
on of a system with very high strength (,, , 1) .

difference

The influence of the strength of a syste

decreases with an increase in strength (or with a dec _
not always the case. The maximum EH;”EI ratio is, with excepli g tigh st | R
reasonably stable quantity practically independent of the strength of a system. The decrease of ic E‘H"E‘] it

ver, strongly depends on the strength. A system with |ow

in the medium- and long-period range, howe : : : _
experiences large inelastic excursions and dissipates more hysteretic energy than a system with high streneth aind

|
1 J i
I

J

cTro i

the same stiffness.
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Mean values of Ei/E; for different groups of records are shown in Fig. 4. It can be seen that he
maximum Ey,/E; values are more or less the same for all groups of records. The values of the predominan:

period T, and of the period T, however, strongly depend on the type of ground motion.
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NATION OF THE E
ERMINATION OF TH
pROXIMATE PROCEDURE FOR DETERM
AP JALIVLE s : | :
i ' .metric study a simple approximate relation between | i
the pare . : 1)

10ons (¢ ned I
Based on observations obtained

R L LS 12, 5 i i g

and period T 1s proposed (F1g. - ) ['s1 1

o : :

2 T.81 %71
~ ¥ S s " |_ s B . T ) 1 O
__Lj__{_ 3 [L‘ fToE e ”011 . o _;TTT)/HD 1 he
E il
. 0
T is the transition period between the short- and mediym

period ngion (P_Eq_ 8) which 1s usuali}.; (_ii.ﬂl?i{ia_-_f{r_.ii - .
predominant pcnod‘ .Of the grounq motion ,('.["{!'_ BT L
period at the transition between inelastic (T < F ) and ey
behaviour (T > To)- It depends on the strength of a system an, d ..
the characteristics of ground motion, as discussed in detai] b
next subchapter. C is a constant depending on damping and
the case of high strength, on strength. In the case of n <1 .
values C = 0.8 and C = 0.9 are proposed for 5 and ? Per cent of
- inslantaneous—sliffnes;fa-propoirtio_nal damp:in_g, respectively, ]

choice of the quadratic function in the region between T 4.1

1s based on empirical observations.

Figurc 5. E/E; versus T. Proposed
relation

Determination of To

The zero value of the EH/E} ratio, indicating elastic behaviour, is reached at the period which wac
ld:::na:;ncd by T . The elastic spectra of the Newmark-Hall type can be used in the process of determination of T
: thiNemgrk—HaH spectra (Newmark and Hall, 1982), the whole frequency range is divided into three ranoe’.
([_jj‘s ort-period. the medufm-penod and the long-period range. The himits between the three reeions =
clined by the transition periods T. and T . In these regions the pseudo-accelerat; e
V. and th fogs : 1 2 SC reg © pPseudo-accelerations A | the pseudo-velocis
b ¢ relative displacements D are determined as the d f _ , Citic
(maximum ground acceleration 3 velocity v d displ dPTO ucts of the ground motion paramelers
. * » and displacement d_) and the corres e .
factors Ca" Cv and Cd (T 1S the period of the S Stcm): g pondm;_, elastic ampiiication

y o
T ag T T'1
Vp=cvv o % P 7
% dg 1 é
& (O
d 9, T > T2
The transition periods are expressed by k
o oD
: 7 (c,v.)/(c =
v V) / ( aag)’ I,=2,4 (cq dg)/(cv vg) il

_ BSHC. if the wvisld - G
F = : e Sysiem) & K the yield strength F_ is at least equal to the
s, g
P
or larpe r. Usi
o o I'IH an ’3 } { r19
- 5 ,’ ]zmdybﬂw g‘:’.)
- ritten as
Il 4 =
24 p
(13)




In the derivation ol the formula for T _two possibilities will be considered. It will be assumed that T _1s In
i
AN

the ,I'Il-...‘ijiliﬂ‘!- and lwﬂg-[k'!‘it.m] Fangc, i'-:_“--épa_mf_i\.'s;},}'_ First, fL:r;__'r‘ia_‘r'iJ] t?__‘..‘r:pi"f;"~1'~.'H'1i‘]:-'~-. will be derived. Then, constants
_.}riﬁ,[hnﬂd by the authors will be e Hlpli_wna'yl.
{t = .

a) Medium-period region (T, <T_=<T,)

] -
)
" £

From Eqgs. 6, 11 and 13 1t follows

i s 2y c in)v./a)

! ftfl'."
0 | ¥ g (14)

Using Eq. 8, Eq. 14 can be rewritten

Tr_a _ (.C.’] /n) T1 (15)
Egs. 14 and 15 represent two forms of a general
formula for T provided that 'I"O 1Is located 1n the EOR o S 001
nedium-period region. According to Newmark and e i
Hall (1982) the mean afn;_wliﬁca[iun l_'as:mr ¢, amounts B BN S i e 2 :‘
o 2.12 in the case of 5% damping. In the study S NG FOLMEZZ0 Eu
2. | — | G [OLMEZZO E
reported in this paper, the amplification factor F ey
- 0.25 = h‘\..-t' ?"“\ on, 7. —
:.-i :' ) \ y TN .
b 5 L e
. . i " v ... o 3
where . is the duration ol strong ground motion 1n e . Riw
= - . . — L \
seconds, was used. Eq. 16 follows indirectly from the o | \ %%
: | ‘ %
esults of the parametric study performed by the ] ‘ s
3 : R " . P
suthors (Fajfar et al 1989) and from Eq. 2. . ¥
<+ | L‘l \\ )
’ . o] 1~‘| \
b) Long-period region (T_2> T,) 5 T
i 2 O 4 f ' )  Pend
. ii \
& . . | '. \
Formulaec derived here will be used, 1if To | % \
. ’ : i o . “
determined according to Eqgs. 14 or 15 is greater than s 4 K
T.. From Egs. 7, 11 and 13 it follows | 3 %
2 o 5 W\
2 - i\
T =4+ c4s/n)(d /a) (17) f. A
=] B! l | | |
Using Egs. 8 and 9, Eq. 17 becomes 0 0.5 | 1.5 D__; 2.5
PERIOD (sl
e
T —~ (Ca;" ‘.":) TT T2 (18) . " "
s Figure 6. E /EI versus T. Comparison of "exact
In our study, c, according to Eq. 16, T, according to relations (thin lines) and curves f}btamﬂd
Eq. 2, and T, according to Eq. 19 (Faj}ar et al 1989) according to Eq. 4 (thick lines) _Ior tht:r:ff
were used. records (SCT, Mexico City 1985; Ulcinj,

Montenegro 1979; Tolmezzo, Friuli 1976)
f : 0.25 e
L, =B/ )

| 19
: (dg/vg) (19)

VERIFICATION OF THE APPROXIMATE PROCEDURE

The proposed procedure for determining the Eqi/Eq ratio has been verified b}’_ﬂ C*’ml”f‘f‘s*{“ :t
approximate results with the EH/EI values computed for a number of strong gr_nund motions. In Fig. 6 Tl 3
results for the "average inelastic system” (n = 0.6, Q - hysteresis, 5 % damping) subjected to thret.? very
different ground motions are shown. A comparison of mean curves for systems with different strcng'{h subjected
to 20 "standard” records is shown in Fig. 3. A similar comparison is shown in Fig. 4, where the influence of
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ation can be observed in all lipures

datir - : oy & 6 e | R
1« The less favourable correlation in this case might be ;
p e procedure for accelerograms, which has 5
.r et al 1989) and therefore alsoon T _ if 1o,
« *

ine yod correl
« of records can be examined. A O«

alifornmian r¢ ”
filter in the correction

displacement dg (Fajf

different group
represents the group of C _.
the choice of the high-pass
- fluence on the maximum ground

long-period region (Eq. 17).
CONCLUSIONS

. . 1 - . ’ 5 > - ] .l". y " . A |
B i results of a p'irarm‘tric study of inelastic SDOF systems, the following main con, Bt
aced on results of a pi -

-esults have been obtained.
depends on the amount of viscous damping and ],

-
"Ikl |

instantaneous stiffness seems to simulate the real g¢py, ..,

1L 1|

In addition, it practically eliminatec 1

1. The hysteretic to input encrgy ratio EH{EI
' ’ > dampi tional to
modeling of damping. The damping propor - |
behaviour more realistically than the mass-proportional damping.

influence of the hysteretic behaviour on E¢y/Eq.

2. The maximum values of EH/El are observed in the shorl-geriﬁd systems with the ”amff’] period shorte,
than the predominant period of the ground motion T,. They p*ractufally do not depend on thf.:; Input motion_
the strength of the system (with the exception of a system with h{gh strength n > 1), and in the ca<e of tt
instantaneous-stiffness-proportional damping, on hysteretic behaviour. Values of EH/’EI for usyal nelaa:
systems (n<1) amount to 0.8 and 0.9 in the case of 5 and 2 per cent damping proportional to instantane,, .
stiffness, respectively. It is reasonable to assume a constant value of E/Eq in the short-period region

3. In systems with the natural period longer than T, (medium- and long-period systems) the valye
Ey/E| decreases as T increases. The zero value is reached at the period T _. The ratio T /T, depends mainly
the strength of a system. The influence of the characteristics of ground motion has been also observed. Simmi.

fur:mulaic for TQ have been derived. The E¢y/E; ratio between the periods T.l and TO can be approximated by -
quadratic function. ‘
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